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ABSTRACT: A comprehensive mathematical model is de-
veloped to describe the kinetics and molecular and compo-
sitional developments in a free-radical terpolymerization
batch reactor. This model is based on a fairly general kinetic
mechanism, including chain-transfer and terminal double-
bond reactions. We take into account the effects of diffusion-
controlled phenomena (i.e., gel, glass, and cage effects) on
polymerization kinetics by extending our previous model on
diffusion-controlled reactions to terpolymerization systems.
Triple moments for the live and dead trivariate chain-length
terpolymer composition distributions are introduced to de-
scribe the molecular and compositional developments in the

terpolymerization system. The predictive capabilities of this
model are demonstrated by simulation of the free-radical,
bulk terpolymerization of butyl acrylate/methyl methacry-
late/vinyl acetate under different experimental conditions.
It is shown that the model predictions are in good agreement
with experimental data on monomer conversion, average
molecular weights, and terpolymer composition, as reported
by Dube and Penlidis. © 2003 Wiley Periodicals, Inc. J Appl
Polym Sci 88: 161–176, 2003
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INTRODUCTION

Free-radical multicomponent polymerizations have
been met with growing interest by both the polymer
industry and academia. The synthesis of multicompo-
nent polymers is of significant economic importance
because of the great diversity of polymer grades that
can be produced by variation of the number and rel-
ative concentrations of the monomers in the reaction
mixture. This enhanced flexibility can lead to the pro-
duction of polymers with desired physical, chemical,
and mechanical properties. Free-radical random mul-
ticomponent polymers are typically obtained as a mix-
ture of macromolecules with different compositions,
chain lengths, degrees of branching, and chain se-
quence characteristics. Controlling the polymer chain
microstructure and, thus, the end-use properties of the
polymer requires a thorough understanding of the
polymerization kinetics and physical transport pro-
cesses occurring during polymerization.

In the open literature, a very limited number of
experimental kinetic studies have been published1,2 on
free-radical terpolymerizations. In a recent publication
by Dube and Penlidis,3 the experimental investigation
of the butyl acrylate (BuA)/methyl methacrylate
(MMA)/vinyl acetate (VAc) system was reported.

Moreover, there are a lack of publications dealing with
the modeling of free-radical multicomponent poly-
merizations. Gao and Penlidis4 recently reported the
development of a software package for simulating
bulk and solution free-radical terpolymerizations.
They claimed that their work was the first attempt to
model free-radical terpolymerization kinetics. Model
predictions were shown to be in good agreement with
experimental measurements on monomer conversion,
terpolymer composition, and average molecular
weights (MWs) for the BuA/MMA/VAc system.
However, no details were presented with regard to the
kinetic mechanism and the values of the various ki-
netic rate constants used in the simulations.

In this article, a comprehensive mathematical model
is developed to describe kinetic and molecular weight
(MW) developments in free-radical terpolymeriza-
tions. The model takes into account the effects of dif-
fusion-controlled phenomena (e.g., gel, glass, and cage
effects) on polymerization kinetics. The termination
and propagation rate constants and the initiator effi-
ciency are expressed in terms of the corresponding
intrinsic rate constant and a diffusion-controlled term.
The generalized free-volume theory of Vrentas and
Duda5–7 is employed to estimate the self-diffusion
coefficients of the various reactive species (e.g., mono-
mers, initiator, and polymer chains) and the observed
decrease in the respective kinetic rate constant (e.g.,
termination, propagation) caused by diffusional limi-
tations. The ability of this mathematical model to de-
scribe diffusion-controlled reactions in free-radical ter-
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polymerizations is demonstrated by its application to
the batch, bulk terpolymerization of BuA/MMA/
VAc. To our knowledge, this is the first attempt to
model kinetic and MW developments up to high con-
versions in free-radical terpolymerizations by consid-
eration of the effect of all diffusion-controlled reac-
tions on the polymerization kinetics.

KINETIC MODEL DEVELOPMENTS

In this study, a comprehensive kinetic mechanism was
employed to describe all the elementary reactions oc-
curring in a chemically initiated free-radical terpoly-
merization. Thus, besides the conventional reactions
(e.g., initiation, propagation, and termination), the ter-
polymerization mechanism included chain transfer to
monomer, polymer, and chain-transfer agent and ter-
minal double-bond reactions. Specifically, the follow-
ing elementary reactions were considered:

Chain-initiation reactions:

I ¡
kd

2R• R• � MiO¡
kIi

R��i�1�,��i�2�,��i�3�
i (1)

Propagation reactions:

Rn,m,z
i � MjO¡

kpij

Rn���j�1�,m���j�2�,z���j�3�
j (2)

Chain transfer to monomer reactions:

Rn,m,z
i � MjO¡

kfmij

R��j�1�,��j�2�,��j�3�
j � Dn,m,z (3)

Chain transfer to modifier reactions:

Rn,m,z
i � SO¡

kfis

S• � Dn,m,z

S• � MiO¡
kpis

R��i�1�,��i�2�,��i�3�
i (4)

Chain transfer to polymer reactions:

Rn,m,z
i � Dr,q,xO¡

kfpij

Rr,q,x
j � Dn,m,z (5)

Termination by combination reactions:

Rn,m,z
i � Rr,q,x

j O¡
ktcij

Dn�r,m�q,z�x (6)

Termination by disproportionation reactions:

Rn,m,z
i � Rr,q,x

j O¡
kdbij

Dn,m,z � Dr,q,x (7)

Terminal double-bond polymerization reactions:

Rn,m,z
i � Dr,q,xO¡

kdbij

Rn�r,m�q,z�x
j (8)

where the symbols I, R � , Mj (j � 1, 2, 3), and S
denote the initiator, primary radicals, monomer,
and modifier (i.e., chain-transfer agent) molecules,
respectively. The terpolymerization mechanism
comprises four chain-initiation, nine propagation,
nine chain transfer to monomer, three chain transfer
to modifier, nine chain transfer to polymer, six ter-
mination by combination, six termination by dispro-
portionation, and nine terminal double-bond reac-
tions; that is a total of 55 elementary reactions.
Depropagation reactions and penultimate monomer
effects are assumed to be negligible.

The symbols Rn,m,z
i and Dn,m,z denote the live and

dead terpolymer chains, respectively. The sub-
scripts n, m, and z represent the degrees of polymer-
ization for the monomers M1, M2, and M3. Finally,
the superscript i refers to the ultimate monomer unit
of the live polymer chains, which can be of type M1,
M2, or M3.

Terpolymerization rate functions

The net rates of production of the live and dead
terpolymer chains can be obtained by consideration
of all of the relevant elementary reactions according
to which live and dead polymer chains are gener-
ated or/and consumed. On the basis of the previous
comprehensive kinetic mechanism, the following
general rate functions for the molecular species
Rn,m,z

1 , Rn,m,z
2 , Rn,m,z

3 and Dn,m,z can be derived. For
live terpolymer chains of type i of total length n � m
� z,

rRn,m,z
1 � �kI1PR•M1 � �

j�1

3

kfmj1M1R000
j � kf1sSR000

1 �
� ��n � 1, m, z� � �

j�1

3

kpj1M1Rn�1,m,z
j

� �
j�1

3

kp1jMjRn,m,z
1 � A1Rn,m,z

1 � �
j�1

3

kfpj1R000
j nDn,m,z

� �
j�1

3

kdb1jRn,m,z
1 �

r�0

� �
q�0

� �
x�0

�

Dr,q,x

� �
j�1

3

kdbj1 �
r�0

n �
q�0

m �
x�0

z

Dr,q,xRn�r,m�q,z�x
j (9)
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rRn,m,z
2 � �kI2PR•M2 � �

j�1

3

kfmj2M2R000
j � kf2sSR000

2 �
� ��n,m � 1,z� � �

j�1

3

kpj2M2Rn,m�1,z
j � �

j�1

3

kp2jMjRn,m,z
2

� A2Rn,m,z
2 � �

j�1

3

kfpj2R000
j mDn,m,z � �

j�1

3

kdb2jRn,m,z
2

� �
r�0

� �
q�0

� �
x�0

�

Dr,q,x � �
j�1

3

kdbj2 �
r�0

n �
q�0

m �
x�0

z

Dr,q,xRn�r,m�q,z�x
j

(10)

rRn,m,z
3 � �kI3PR•M3 � �

j�1

3

kfmj3M3R000
j � kf3sSR000

3 �
� ��n,m,z � 1� � �

j�1

3

kpj3M3Rn,m,z�1
j

� �
j�1

3

kp3jMjRn,m,z
3 � A3Rn,m,z

3 � �
j�1

3

kfpj3R000
j zDn,m,z

� �
j�1

3

kdb3jRn,m,z
3 �

r�0

� �
q�0

� �
x�0

�

Dr,q,x

� �
j�1

3

kdbj3 �
r�0

n �
q�0

m �
x�0

z

Dr,q,xRn�r,m�q,z�x
j (11)

For dead copolymer chains of total length n � m � z,

rDn,m,z � �
i�1

3 �Ai � �
j�1

3

ktcijR000
j �Rn,m,z

i

� �
i�1

3

kfpi1R000
i nDn,m,z � �

i�1

3

kfpi2R000
i mDn,m,z

� �
i�1

3

kfpi3R000
i zDn,m,z

�
1
2 �

i�1

3 �
j�1

3

ktcij �
r�1

n�1 �
q�1

m�1 �
x�1

z�1

Rr,q,x
i Rn�r,m�q,z�x

j

� �
i�1

3 �
j�1

3

kdbijR000
i Dn,m,z (12)

where

Ai � �
j�1

3

�kfmijMj � ktijR000
j � � kfisS

� kfpi1 �
r�0

� �
q�0

� �
x�0

�

rDr,q,x � kfpi2 �
r�0

� �
q�0

� �
x�0

�

qDr,q,x

� kfpi3 �
r�0

� �
q�0

� �
x�0

�

xDr,q,x (13)

R000
i denotes the total concentration of live polymer

chains of type i:

R000
i � �

n�0

� �
m�0

� �
z�0

�

Rn,m,z
i (14)

�(n,m,z) is Kronecker’s delta, given by

��n, m, z� � ��n� � ��m� � ��z�

��i� � 1 for i � 0, ��i� � 0 for i � 0 (15)

Application of the fundamental molar conservation
equation to all live and dead polymer chains present in
the polymerization mixture typically results in an infi-
nite system of differential equations. To reduce the high
dimensionality of the numerical problem, several math-
ematical techniques have been proposed in the litera-
ture.8 The method of moments is a commonly employed
technique that allows for the reduction of the infinite
system of dynamic molar balance equations into a low-
order system of differential moment equations. The
method of moments is based on the statistical represen-
tation of the average molecular properties [e.g., number-
average molecular weight (Mn), weight-average molec-
ular weight (Mw), terpolymer composition] in terms of
the leading moments of the number chain-length distri-
butions of live and dead polymer chains.

In this study, trivariate distributions were intro-
duced to describe the molecular and compositional
developments in the terpolymerization system. Ac-
cordingly, the corresponding moments of live and
dead chain-length terpolymer composition (CLTC)
distributions are defined:

�k,l,w
i � �

n�1

� �
m�1

� �
z�1

�

nkmlzwRn,m,z
i

i � 1, 2, 3 and k, l, w � 0, 1, 2

�k,l,w � �
n�1

� �
m�1

� �
z�1

�

nkmlzwDn,m,z (16)
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To calculate the rate functions for the moments �k,l,z
i

and �k,l,z, all terms in eqs. (9)–(12) were multiplied by
the term nkmlzw, and the resulting expressions were
summed up with respect to the total variations of n, m,
and z (i.e., degrees of polymerization). Thus, the fol-
lowing expressions for the moment rate functions,
r�k,l,w

1 , r�k,l,w
2 , r�k,l,w

3 , and r�k,l,w were obtained:

r�k,l,w
1 � kI1PR•M1 � �

j�1

3

kfmj1M1�000
j � kf1sS�000

1

� �
j�1

3

kpj1M1 �
r

k �k
r��r,l,w

j � �
j�1

3

kp1jMj�k,l,w
1 � A�1�k,l,w

1

� �
j�1

3

kfpj1�000
j �k�1,l,w � �

j�1

3

kdb1j�k,l,w
1 �000

� �
j�1

3

kdbj1 �
r

k �
q

l �
x

w �k
r�� l

q��w
x��r,q,x�k�r,l�q,w�x

j (17)

r�k,l,w
2 � kI2PR•M2 � �

j�1

3

kfmj2M2�000
j � kf2sS�000

2

� �
j�1

3

kpj2M2 �
r

1 �1
r��k,r,w

j � �
j�1

3

kp2jMj�k,l,w
2 � A�2�k,l,w

2

� �
j�1

3

kfpj2�000
j �k,l�1,w � �

j�1

3

kdb2j�k,l,w
2 �000

� �
j�1

3

kdbj2 �
r

k �
q

l �
x

w �k
r�� l

q��w
x ��r,q,x�k�r,l�q,w�x

j (18)

r�k,l,w
3 � kI3PR•M3 � �

j�1

3

kfmj3M3�000
j � kf3sS�000

3

� �
j�1

3

kpj3M3 �
r

w �w
r ��k,l,r

j

� �
j�1

3

kp3jMj�k,l,w
3 � A�3�k,l,w

3

� �
j�1

3

kfpj3�000
j �k,l,w�1 � �

j�1

3

kdb3j�k,l,w
3 �000

� �
j�1

3

kdbj3 �
r

k �
q

l �
x

w �k
r�� l

q��w
x ��r,q,x�k�r,l�q,w�x

j (19)

r�k,l,w � �
i�1

3 �A�i � �
j�1

3

ktcij�000
j ��k,l,w

i � �
i�1

3

kfpi1�000
i �k�1,l,w

� �
i�1

3

kfpi2�000
i �k,l�1,w � �

j�1

3

kfpi3�000
i �k,l,w�1 �

1
2 �

i�1

3 �
j�1

3

� ktcij �
r

k �
q

l �
x

w �k
r�� l

q��w
x��r,q,x

i �k�r,l�q,w�x
j

� �
i�1

3 �
j�1

3

kdbij�000
i �k,l,w (20)

where

A�i � �
j�1

3

�kfmijMj � ktij�000
j � � kfisS

� kfpi1�100 � kfpi2�010 � kfpi3�001 (21)

From the general moment rate eqs. (17)–(21), one
can easily derive the rate functions for the leading
moments of live and dead CLTC distributions. In Ta-
bles I and II, the analytical expressions for the corre-
sponding moment rate functions for live (e.g., r�000

1 , r�000
2 ,

r�000
3 , r�100

1 , r�100
2 , r�100

3 ) and dead (e.g., r�000, r�100, r�010, r�001,
r�110, r�101) polymer chains are reported.

Reactor design equations

On the basis of the previous moment rate functions,
one can easily derive the following design equations
for a batch free-radical terpolymerization reactor. For
the initiator

d�VI�
dt � �VkdI (22)

For the monomers

d�VM1�

dt � VrM1 � �	
�kp11 � kf 11��0,0,0
1 � �kp21 � kf21��0,0,0

2

� �kp31 � kf31��0,0,0
3 �M1 � kI1R•M1�V (23)

d�VM2�
dt � VrM2 � �	
�kp12 � kf 12��0,0,0

1

� �kp22 � kf 22��0,0,0
2 � �kp32 � kf32��0,0,0

3 �M2 � kI2R•M2�V

(24)

d�VM3�
dt � VrM3 � �	
�kp13 � kf 13��0,0,0

1 � �kp23 � kf23��0,0,0
2

� �kp33 � kf 33��0,0,03M3 � kI1R•M3V (25)

For the modifier (chain-transfer agent)

164 KERAMOPOULOS AND KIPARISSIDES



d�VS�

dt � �V�kf 1S�0,0,0
1 � kf 2S�0,0,0

2 � kf3S�0,0,0
3 �S (26)

For volume contraction

d�V�

dt � �V�rM1�MW1�� 1
d1

�
1
dp
� � rM2�MW2�

� � 1
d2

�
1
dp
� � rM3�MW3�� 1

d3
�

1
dp
�� (27)

For moments of live and dead chain-length distribu-
tions

d�V�k,l,z
i �

dt � Vr�k,l,z
i i � 1, 2, 3 (28)

d�V�k,l,z�

dt � Vr�k,l,z (29)

For the fractional monomer conversion

TABLE I
Rate Functions for the Moments of Live Terpolymer Chains of the CLTC Distribution

r�000
1 � kI1PR•M1 � (kfm21�000

2 � kfm31�000
3 )M1 � (kp21�000

2 � kp31�000
3 )M1 � (kp12M2 � kp13M3)�000

1 � (kfp21�000
2 � kfp31�000

3 )�100

� [kfm12M2 � kfm13M3 � (ktc11 � ktd11)�000
1 � (ktc12 � ktd12)�000

2 � (ktc13 � ktd13)�000
3 � kfp12�010 � kfp13�001]�000

1 � [kdb12�000
1

� kdb13�000
1 � kdb21�000

2 � kdb31�000
3 ]�000

r�000
2 � kI2PR•M2 � (kfm12�000

1 � kfm32�000
3 )M2 � (kp12�000

1 � kp32�000
3 )M2 � (kp21M1 � kp23M3)�000

2 � (kfp12�000
1 � kfp32�000

3 )�010

� [kfm21M1 � kfm23M3 � (ktc21 � ktd21)�000
1 � (ktc22 � ktd22)�000

2 � (ktc23 � ktd23)�000
3 � kfp21�100 � kfp23�001]�000

2 � [kdb21�000
2

� kdb23�000
2 � kdb12�000

1 � kdb32�000
3 ]�000

r�000
3 � kI3PR•M3 � (kfm13�000

1 � kfm23�000
2 )M3 � (kp13�000

1 � kp23�000
2 )M3 � (kp31M1 � kp32M2)�000

3 � (kfp13�000
1 � kfp23�000

2 )�001

� [kfm31M1 � kfm32M2 � (ktc31 � ktd31)�000
1 � (ktc32 � ktd32)�000

2 � (ktc33 � ktd33)�000
3 � kfp31�100 � kfp32�010]�000

3 � [kdb31�000
3

� kdb32�000
3 � kdb13�000

1 � kdb23�000
2 ]�000

r�100
1 � kI1PR•M1 � (kfm11�000

1 � kfm21�000
2 � kfm31�000

3 )M1 � kf1sS�000
1 � kp11M1�000

1 � kp21M1(�000
2 � �100

2 ) � kp31M1(�000
3 � �100

3 )
� (kp12M2 � kp13M3)�100

1 � [kfm11M1 � kfm12M2 � kfm13M3 � (ktc11 � ktd11)�000
1 � (ktc12 � ktd12)�000

2 � (ktc13 � ktd13)�000
3 � kf1sS

� kfp11�100 � kfp12�010 � kfp13�001]�100
1 � (kfp11�000

1 � kfp21�000
2 � kfp31�000

3 )�200 � (kdb12 � kdb13)�100
1 �000 � kdb11�000

1 �100
� kdb21(�000�100

2 � �100�000
2 ) � kdb31(�000�100

3 � �100�000
3 )

r�100
2 � kI2PR•M2 � (kfm12�000

1 � kfm22�000
2 � kfm32�000

3 )M2 � kf2sS�000
2 � (kp12�100

1 � kp32�100
3 )M2 � (kp21M1 � kp23M3)�100

2 � [kfm21M1

� kfm22M2 � kfm23M3 � (ktc21 � ktd21)�000
1 � (ktc22 � ktd22)�000

2 � (ktc23 � ktd23)�000
3 � kf2sS � kfp21�100 � kfp22�010 � kfp23�001]�100

2

� (kfp12�000
1 � kfp22�000

2 � kfp32�000
3 )�110 � (kdb21 � kdb23)�100

2 �000 � kdb12(�000�100
1 � �100�000

1 ) � kdb22�000
2 �100 � kdb32(�000�100

3

� �100�000
3 )

r�100
3 � kI3PR•M3 � (kfm13�000

1 � kfm23�000
2 � kfm33�000

3 )M3 � kf3sS�000
3 � (kp13�100

1 � kp23�100
2 )M3 � (kp31M1 � kp32M2)�100

3 � [kfm31M1

� kfm32M2 � kfm33M3 � (ktc31 � ktd31)�000
1 � (ktc32 � ktd32)�000

2 � (ktc33 � ktd33)�000
3 � kf3sS � kfp31�100 � kfp32�010 � kfp33�001]�100

3

� (kfp13�000
1 � kfp23�000

2 � kfp33�000
3 )�101 � (kdb31 � kdb32)�100

3 �000 � kdb13(�000�100
1 � �100�000

1 ) � kdb23(�000�100
2 � �100�000

2 ) �
kdb33�000

3 �100

r�010
1 � kI1PR•M1 � (kfm11�000

1 � kfm21�000
2 � kfm31�000

3 )M1 � kf1sS�000
1 � (kp21�010

2 � kp31�010
3 )M1 � (kp12M2 � kp13M3)�010

1 � [kfm11M1

� kfm12M2 � kfm13M3 � (ktc11 � ktd11)�000
1 � (ktc12 � ktd12)�000

2 � (ktc13 � ktd13)�000
3 � kf1sS � kfp11�100 � kfp12�010 � kfp13�001]�010

1

� (kfp11�000
1 � kfp21�000

2 � kfp31�000
3 )�110 � (kdb12 � kdb13)�010

1 �000 � kdb11�000
1 �010 � kdb21(�000�010

2 � �010�000
2 ) � kdb31(�000�010

3

� �010�000
3 )

r�010
2 � kI2PR•M2 � (kfm12�000

1 � kfm22�000
2 � kfm32�000

3 )M2 � kf2sS�000
2 � kp12M2(�000

1 � �010
1 ) � kp22M2�000

2 � kp32M2(�000
3 � �010

3 )
� (kp21M1 � kp23M3)�010

2 � [kfm21M1 � kfm22M2 � kfm23M3 � (ktc21 � ktd21)�000
1 � (ktc22 � ktd22)�000

2 � (ktc23 � ktd23)�000
3 � kf2sS

� kfp21�100 � kfp22�010 � kfp23�001]�010
2 � (kfp12�000

1 � kfp22�000
2 � kfp32�000

3 )�020 � (kdb21 � kdb23)�010
2 �000 � kdb12(�000�010

1

� �010�000
1 ) � kdb22�000

2 �010 � kdb32(�000�010
3 � �010�000

3 )

r�010
3 � kI3PR•M3 � (kfm13�000

1 � kfm23�000
2 � kfm33�000

3 )M3 � kf3sS�000
3 � (kp13�010

1 � kp23�010
2 )M3 � (kp31M1 � kp32M2)�010

3 � [kfm31M1

� kfm32M2 � kfm33M3 � (ktc31 � ktd31)�000
1 � (ktc32 � ktd32)�000

2 � (ktc33 � ktd33)�000
3 � kf3sS � kfp31�100 � kfp32�010 � kfp33�001]�010

3

� (kfp13�000
1 � kfp23�000

2 � kfp33�000
3 )�011 � (kdb31 � kdb32)�010

3 �000 � kdb13(�000�010
1 � �010�000

1 ) � kdb23(�000�010
2 � �010�000

2 ) �
kdb33�000

3 �010

r�001
1 � kI1PR•M1 � (kfm11�000

1 � kfm21�000
2 � kfm31�000

3 )M1 � kf1sS�000
1 � (kp21�001

2 � kp31�001
3 )M1 � (kp12M2 � kp13M3)�001

1 � [kfm11M1

� kfm12M2 � kfm13M3 � (ktc11 � ktd11)�000
1 � (ktc12 � ktd12)�000

2 � (ktc13 � ktd13)�000
3 � kf1sS � kfp11�100 � kfp12�010 � kfp13�001]�001

1

� (kfp11�000
1 � kfp21�000

2 � kfp31�000
3 )�101 � (kdb12 � kdb13)�001

1 �000 � kdb11�000
1 �001 � kdb21(�000�001

2 � �001�000
2 ) � kdb31(�000�001

3

� �001�000
3 )

r�001
2 � kI2PR•M2 � (kfm12�000

1 � kfm22�000
2 � kfm32�000

3 )M2 � kf2sS�000
2 � (kp12�001

1 � kp32�001
3 )M2 � (kp21M1 � kp23M3)�001

2 � [kfm21M1

� kfm22M2 � kfm23M3 � (ktc21 � ktd21)�000
1 � (ktc22 � ktd22)�000

2 � (ktc23 � ktd23)�000
3 � kf2sS � kfp21�100 � kfp22�010 � kfp23�001]�001

2

� (kfp12�000
1 � kfp22�000

2 � kfp32�000
3 )�011 � (kdb21 � kdb23)�001

2 �000 � kdb12(�000�001
1 � �001�000

1 ) � kdb22�000
2 �001 � kdb32(�000�001

3

� �001�000
3 )

r�001
3 � kI3PR•M3 � (kfm13�000

1 � kfm23�000
2 � kfm33�000

3 )M3 � kf3sS�000
3 � kp13M3(�000

1 � �001
1 ) � kp23M3(�000

2 � �001
2 ) � kp33M3�000

3

� (kp31M1 � kp32M2)�001
3 � [kfm31M1 � kfm32M2 � kfm33M3 � (ktc31 � ktd31)�000

1 � (ktc32 � ktd32)�000
2 � (ktc33 � ktd33)�000

3

� kf3sS � kfp31�100 � kfp32�010 � kfp33�001]�001
3 � (kfp13�000

1 � kfp23�000
2 � kfp33�000

3 )�002 � (kdb31 � kdb32)�001
3 �000

� kdb13(�000�001
1 � �001�000

1 ) � kdb23(�000�001
2 � �001�000

2 ) � kdb33�000
3 �001
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TABLE II
Moments of the Dead Terpolymer Chains of the CLTC Distribution

r�000
� [kfm11M1 � kfm12M2 � kfm13M3 � ktd11�000

1 � ktd12�000
2 � ktd13�000

3 � kf1sS � kfp12�010 � kfp13�001]�000
1 � [kfm21M1 � kfm22M2

� kfm23M3 � ktd21�000
1 � ktd22�000

2 � ktd23�000
3 � kf2sS � kfp21�100 � kfp23�001]�000

2 � [kfm31M1 � kfm32M2 � kfm33M3 � ktd31�000
1

� ktd32�000
2 � ktd33�000

3 � kf3sS � kfp31�100 � kfp32�010]�000
3 � (kfp21�000

2 � kfp31�000
3 )�100 � (kfp12�000

1 � kfp32�000
3 )�010 � (kfp13�000

1

� kfp23�000
2 )�001 � 1

2
[ktc11�000

1 �000
1 � ktc12�000

1 �000
2 � ktc13�000

1 �000
3 � ktc21�000

2 �000
1 � ktc22�000

2 �000
2 � ktc23�000

2 �000
3 � ktc31�000

3 �000
1

� ktc32�000
3 �000

2 � ktc33�000
3 �000

3 ] � [(kdb11 � kdb12 � kdb13)�000
1 � (kdb21 � kdb22 � kdb23)�000

2 � (kdb31 � kdb32 � kdb33)�000
3 ]�000

r�100
� [kfm11M1 � kfm12M2 � kfm13M3 � ktd11�000

1 � ktd12�000
2 � ktd13�000

3 � kf1sS � kfp11�100 � kfp12�010 � kfp13�001]�100
1 � [kfm21M1

� kfm22M2 � kfm23M3 � ktd21�000
1 � ktd22�000

2 � ktd23�000
3 � kf2sS � kfp21�100 � kfp22�010 � kfp23�001]�100

2 � [kfm31M1 � kfm32M2
� kfm33M3 � ktd31�000

1 � ktd32�000
2 � ktd33�000

3 � kf3sS � kfp31�100 � kfp32�010 � kfp33�001]�100
3 � (kfp11�000

1 � kfp21�000
2

� kfp31�000
3 )�200 � (kfp12�000

1 � kfp22�000
2 � kfp32�000

3 )�110 � (kfp13�000
1 � kfp23�000

2 � kfp33�000
3 )�101 � 1

2
[ktc11(�000

1 �100
1 � �100

1 �000
1 )

� ktc12(�000
1 �100

2 � �100
1 �000

2 ) � ktc13(�000
1 �100

3 � �100
1 �000

3 ) � ktc21(�000
2 �100

1 � �100
2 �000

1 ) � ktc22(�000
2 �100

2 � �100
2 �000

2 ) � ktc23(�000
2 �100

3

� �100
2 �000

3 ) � ktc31(�000
3 �100

1 � �100
3 �000

1 ) � ktc32(�000
3 �100

2 � �100
3 �000

2 ) � ktc33(�000
3 �100

3 � �100
3 �000

3 )] � [(kdb11 � kdb12 � kdb13)�000
1

� (kdb21 � kdb22 � kdb23)�000
2 � (kdb31 � kdb32 � kdb33)�000

3 ]�100

r�010
� [kfm11M1 � kfm12M2 � kfm13M3 � ktd11�000

1 � ktd12�000
2 � ktd13�000

3 � kf1sS � kfp11�100 � kfp12�010 � kfp13�001]�010
1 � [kfm21M1

� kfm22M2 � kfm23M3 � ktd21�000
1 � ktd22�000

2 � ktd23�000
3 � kf2sS � kfp21�100 � kfp22�010 � kfp23�001]�010

2 � [kfm31M1 � kfm32M2
� kfm33M3 � ktd31�000

1 � ktd32�000
2 � ktd33�000

3 � kf3sS � kfp31�100 � kfp32�010 � kfp33�001]�010
3 � (kfp11�000

1 � kfp21�000
2

� kfp31�000
3 )�110 � (kfp12�000

1 � kfp22�000
2 � kfp32�000

3 )�020 � (kfp13�000
1 � kfp23�000

2 � kfp33�000
3 )�011 � 1

2
[ktc11(�000

1 �010
1 � �010

1 �000
1 )

� ktc12(�000
1 �010

2 � �010
1 �000

2 ) � ktc13(�000
1 �010

3 � �010
1 �000

3 ) � ktc21(�000
2 �010

1 � �010
2 �000

1 ) � ktc22(�000
2 �010

2 � �010
2 �000

2 ) � ktc23(�000
2 �010

3

� �010
2 �000

3 ) � ktc31(�000
3 �010

1 � �010
3 �000

1 ) � ktc32(�000
3 �010

2 � �010
3 �000

2 ) � ktc33(�000
3 �010

3 � �010
3 �000

3 )] � [(kdb11 � kdb12 � kdb13)�000
1

� (kdb21 � kdb22 � kdb23)�000
2 � (kdb31 � kdb32 � kdb33)�000

3 ]�010

r�001
� [kfm11M1 � kfm12M2 � kfm13M3 � ktd11�000

1 � ktd12�000
2 � ktd13�000

3 � kf1sS � kfp11�100 � kfp12�010 � kfp13�001]�001
1 � [kfm21M1

� kfm22M2 � kfm23M3 � ktd21�000
1 � ktd22�000

2 � ktd23�000
3 � kf2sS � kfp21�100 � kfp22�010 � kfp23�001]�001

2 � [kfm31M1 � kfm32M2
� kfm33M3 � ktd31�000

1 � ktd32�000
2 � ktd33�000

3 � kf3sS � kfp31�100 � kfp32�010 � kfp33�001]�001
3 � (kfp11�000

1 � kfp21�000
2

� kfp31�000
3 )�101 � (kfp12�000

1 � kfp22�000
2 � kfp32�000

3 )�011 � (kfp13�000
1 � kfp23�000

2 � kfp33�000
3 )�002 � 1

2
[ktc11(�000

1 �001
1 � �001

1 �000
1 )

� ktc12(�000
1 �001

2 � �001
1 �000

2 ) � ktc13(�000
1 �001

3 � �001
1 �000

3 ) � ktc21(�000
2 �001

1 � �001
2 �000

1 ) � ktc22(�000
2 �001

2 � �001
2 �000

2 ) � ktc23(�000
2 �001

3

� �001
2 �000

3 ) � ktc31(�000
3 �001

1 � �001
3 �000

1 ) � ktc32(�000
3 �001

2 � �001
3 �000

2 ) � ktc33(�000
3 �001

3 � �001
3 �000

3 )] � [(kdb11 � kdb12 � kdb13)�000
1

� (kdb21 � kdb22 � kdb23)�000
2 � (kdb31 � kdb32 � kdb33)�000

3 ]�001

r�110
� r�110

1 � r�110
2 � r�110

3 � (kI1M1 � kI2M2 � kI3M3)PR• � (kfm11�000
1 � kfm21�000

2 � kfm31�000
3 )M1 � (kfm12�000

1 � kfm22�000
2

� kfm32�000
3 )M2 � (kfm13�000

1 � kfm23�000
2 � kfm33�000

3 )M3 � (kf1s�000
1 � kf2s�000

2 � kf3s�000
3 )S � (kp11�010

1 � kp21�010
2 � kp31�010

3 )M1
� (kp12�100

1 � kp22�100
2 � kp32�100

3 )M2 � ktc11�010
1 �100

1 � ktc22�010
2 �100

2 � ktc33�010
3 �100

3 � ktc12(�010
1 �100

2 � �100
1 �010

2 ) � ktc13(�010
1 �100

3

� �100
1 �010

3 ) � ktc23(�010
2 �100

3 � �100
2 �010

3 ) � kdb11(�010�100
1 � �100�010

1 ) � kdb21(�010�100
2 � �100�010

2 ) � kdb31(�010�100
3 � �100�010

3 )
� kdb12(�010�100

1 � �100�010
1 ) � kdb22(�010�100

2 � �100�010
2 ) � kdb32(�010�100

3 � �100�010
3 ) � kdb13(�010�100

1 � �100�010
1 ) �

kdb23(�010�100
2 � �100�010

2 ) � kdb33(�010�100
3 � �100�010

3 )

r�101
� r�101

1 � r�101
2 � r�101

3 � (kI1M1 � kI2M2 � kI3M3)PR• � (kfm11�000
1 � kfm21�000

2 � kfm31�000
3 )M1 � (kfm12�000

1 � kfm22�000
2

� kfm32�000
3 )M2 � (kfm13�000

1 � kfm23�000
2 � kfm33�000

3 )M3 � (kf1s�000
1 � kf2s�000

2 � kf3s�000
3 )S � (kp11�001

1 � kp21�001
2 � kp31�001

3 )M1
� (kp13�100

1 � kp23�100
2 � kp33�100

3 )M3 � ktc11�001
1 �100

1 � ktc22�001
2 �100

2 � ktc33�001
3 �100

3 � ktc12(�001
1 �100

2 � �100
1 �001

2 ) � ktc13(�001
1 �100

3

� �100
1 �001

3 ) � ktc23(�001
2 �100

3 � �100
2 �001

3 ) � kdb11(�001�100
1 � �100�001

1 ) � kdb21(�001 � �100
2 � �100�001

2 ) � kdb31(�001�100
3 � �100�001

3 )
� kdb12(�001�100

1 � �100�001
1 ) � kdb22(�001�100

2 � �100�001
2 ) � kdb32(�001�100

3 � �100�001
3 ) � kdb13(�001�100

1 � �100�001
1 )

� kdb23(�001�100
2 � �100�001

2 ) � kdb33(�001�100
3 � �100�001

3 )

r�011
� r�011

1 � r�011
2 � r�011

3 � (kI1M1 � kI2M2 � kI3M3)PR• � (kfm11�000
1 � kfm21�000

2 � kfm31�000
3 )M1 � (kfm12�000

1 � kfm22�000
2

� kfm32�000
3 )M2 � (kfm13�000

1 � kfm23�000
2 � kfm33�000

3 )M3 � (kf1s�000
1 � kf2s�000

2 � kf3s�000
3 )S � (kp12�001

1 � kp22�001
2 � kp32�001

3 )M2
� (kp13�010

1 � kp23�010
2 � kp33�010

3 )M3 � ktc11�010
1 �001

1 � ktc22�001
2 �010

2 � ktc33�001
3 �010

3 � ktc12(�001
1 �010

2 � �010
1 �001

2 ) � ktc13(�001
1 �010

3

� �010
1 �001

3 ) � ktc23(�001
2 �010

3 � �010
2 �001

3 ) � kdb11(�001�010
1 � �010�001

1 ) � kdb21(�001�010
2 � �010�001

2 ) � kdb31(�001�010
3 � �010�001

3 )
� kdb12(�001�010

1 � �010�001
1 ) � kdb22(�001�010

2 � �010�001
2 ) � kdb32(�001�010

3 � �010�001
3 ) � kdb13(�001�010

1 � �010�001
1 )

� kdb23(�001�010
2 � �010�001

2 ) � kdb33(�001�010
3 � �010�001

3 )

r�200
� r�200

1 � r�200
2 � r�200

3 � (kI1M1 � kI2M2 � kI3M3)PR• � (kfm11�000
1 � kfm21�000

2 � kfm31�000
3 )M1 � (kfm12�000

1 � kfm22�000
2

� kfm32�000
3 )M2 � (kfm13�000

1 � kfm23�000
2 � kfm33�000

3 )M3 � (kf1s�000
1 � kf2s�000

2 � kf3s�000
3 )S � kp11M1(�000

1 � 2�100
1 ) � kp21M1(�000

2

� 2�100
2 ) � kp31M1(�000

3 � 2�100
3 ) � ktc11�100

1 �100
1 � ktc22�100

2 �100
2 � ktc33�100

3 �100
3 � 2ktc12�100

1 �100
2 � 2ktc13�100

1 �100
3 � 2ktc23�100

2 �100
3

� 2kdb11�100�100
1 � 2kdb21�100�100

2 � 2kdb31�100�100
3 � 2kdb12�100�100

1 � 2kdb22�100�100
2 � 2kdb32�100�100

3 � 2kdb13�100�100
1

� 2kdb23�100�100
2 � 2kdb33�100�100

3

r�020
� r�020

1 � r�020
2 � r�020

3 � (kI1M1 � kI2M2 � kI3M3)PR• � (kfm11�000
1 � kfm21�000

2 � kfm31�000
3 )M1 � (kfm12�000

1 � kfm22�000
2

� kfm32�000
3 )M2 � (kfm13�000

1 � kfm23�000
2 � kfm33�000

3 )M3 � (kf1s�000
1 � kf2s�000

2 � kf3s�000
3 )S � kp12M2(�000

1 � 2�010
1 ) � kp22M2(�000

2

� 2�010
2 ) � kp32M2(�000

3 � 2�010
3 ) � ktc11�010

1 �010
1 � ktc22�010

2 �010
2 � ktc33�010

3 �010
3 � 2ktc12�010

1 �010
2 � 2ktc13�010

1 �010
3 � 2ktc23�010

2 �010
3

� 2kdb11�010�010
1 � 2kdb21�010�010

2 � 2kdb31�010�010
3 � 2kdb12�010�010

1 � 2kdb22�010�010
2 � 2kdb32�010�010

3 � 2kdb13�010�010
1

� 2kdb23�010�010
2 � 2kdb33�010�010

3

r�002
� r�002

1 � r�002
2 � r�002

3 � (kI1M1 � kI2M2 � kI3M3)PR• � (kfm11�000
1 � kfm21�000

2 � kfm31�000
3 )M1 � (kfm12�000

1 � kfm22�000
2

� kfm32�000
3 )M2 � (kfm13�000

1 � kfm23�000
2 � kfm33�000

3 )M3 � (kf1s�000
1 � kf2s�000

2 � kf3s�000
3 )S � kp13M3(�000

1 � 2�001
1 ) � kp23M3(�000

2

� 2�001
2 ) � kp33M3(�000

3 � 2�001
3 ) � ktc11�001

1 �001
1 � ktc22�001

2 �001
2 � ktc33�001

3 �001
3 � 2ktc12�001

1 �001
2 � 2ktc13�001

1 �001
3 � 2ktc23�001

2 �001
3

� 2kdb11�001�001
1 � 2kdb21�001�001

2 � 2kdb31�001�001
3 � 2kdb12�001�001

1 � 2kdb22�001�001
2 � 2kdb32�001�001

3 � 2kdb13�001�001
1

� 2kdb23�001�001
2 � 2kdb33�001�001

3
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X �
V0�M10 � M20 � M30� � V�M1 � M2 � M3�

V0�M10 � M20 � M30�
(30)

From the leading moments of the dead CLTC dis-
tribution, the cumulative number-average composi-
tion of monomer i in the terpolymer chains can be
calculated:8

Fni �
�Ii�i�1
3 �Ii

(31)

where the index Ii is a (1 � 3) row vector that has its
i element equal to one and the other two elements
equal to zero.

Similarly, one can calculate the cumulative Mn and
Mw of the terpolymer:

Mn � ��i�1
3 �Ii

�0,0,0
� � �

i�1

3

FniMWi (32)

Mw � �� �i�1

3 �
j�1

3 MWj�Ii�Ij�
� �

j�1

3 MWj�Ii� � � �
i�1

3

FniMWi (33)

where MWi is the molecular weight of monomer i.

Diffusion-controlled reactions

In free-radical polymerizations, self-termination reac-
tions involving two live polymer chains can become
diffusion-controlled because of the dramatic increase
in the viscosity of the reaction medium. As a result,
the termination rate constant can decrease by several
orders of magnitude. This phenomenon is known as
the gel effect. Moreover, the monomer conversion can
reach a limiting value (i.e., 100%) because of the
decrease in the propagation rate constant caused by
the decrease in the mobility of monomer molecules.
This phenomenon is known as the glass effect. Finally,
at high monomer conversions, the chain-initiation re-
actions can also become diffusion-controlled, resulting
in a decrease in the initiator efficiency. Thus, in any
comprehensive kinetic modeling study, the diffusion
of the various reactive species (e.g., monomers, initi-
ator, and polymer chains) has to be adequately de-
scribed by consideration of the continuous change of
the transport properties of the reaction medium dur-
ing polymerization.

The generalized free-volume theory of Vrentas and
Duda5–7 is generally accepted as one of the most suc-
cessful approaches for the calculation of the molecular
diffusion coefficients of the various reactive species in
a polymerization medium. Thus, following the recent
developments on modeling diffusion-controlled reac-

tions in a multicomponent mixture,5,9 the monomer
self-diffusion coefficients in a pentad mixture (i.e.,
monomers M1, M2, and M3; solvent; and polymer
chains) can be expressed as

Dm1 � D01exp��	m


1V*1 � 
2V*2�1p/�2p � 
3V*3�1p

� �3p � 
sV*s�1p/�sp � 
pV*p�1p

VFH

�
(34)

Dm2 � D02exp��	m


1V*1�2p/�1p � 
2V*2 � 
3V*3�2p

� �3p � 
sV*s�2p/�sp � 
pV*p�2p

VFH

�
(35)

Dm3 � D03exp��	m


1V*1�3p/�1p � 
2V*2�3p/�2p � 
3V*3
� 
sV*s�3p/�sp � 
pV*p�3p

VFH

�
(36)

where the subscripts 1, 2, 3, s, and p refer to the three
monomers, the solvent, and the terpolymer, respec-
tively. 	m is a parameter that is introduced to account
for the overlap between free-volume elements (i.e.,
free volume shared by neighboring molecules). D0i, 
i,
and V*i denote the respective preexponential constant
of the diffusion coefficient, the weight fraction, and
the specific critical hole free volume of species i in the
mixture. Notice that the value of V*i can be estimated
by the group contribution method of Haward10 on the
basis of the chemical composition of the species of
interest.

The parameter �ip is defined as the ratio of the
critical molar volume of the jumping unit of species i
to that of the jumping unit of the polymer:

�ip � V*iMWi/Vpj (37)

where Vi is the critical volume of the jumping unit of
species i and Vpj is the critical molar volume of the
jumping unit of the polymer. Because of the inherent
difficulty in determining the MW of the polymer
jumping unit, an empirical expression was devel-
oped11 for its calculation in terms of the glass-transi-
tion temperature of the terpolymer (Tgp):

Vpj � 
0.6224Tgp � 86.95� Tgp  295 K (38)

Vpj � 
0.0925Tgp � 69.47� Tgp � 295K (39)

Finally, VFH is the average free volume of the mixture,
given as the weighted sum of the free volumes of the
five components in the reaction mixture:5,9

VFH � 
�p0 � �p�T � Tgp��V*p
p � �
i�1

3


�mi0 � �mi

� �T � Tgmi��V*i
i � 
�s0 � �s�T � Tgs��V*s
s (40)
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where �i and �i0 denote the difference in the thermal
expansion coefficient above and below Tgp and the
fractional free volume of species i at Tgp, respectively.

To calculate Tgp, it is necessary to take into consid-
eration the sequence distribution of monomers M1,
M2, and M3 in the terpolymer chains. Thus, according
to Johnston12 Tgp for a random terpolymer is given by
the following equation:

1
Tgp

� �
i�1

3 FwiPii

Tgpi
�

Fw1P12 � Fw2P21

Tgp12
�

Fw1P13 � Fw3P31

Tgp13

�
Fw2P23 � Fw3P32

Tgp23
(41)

where Fwi and Tgpi denote the weight-average terpoly-
mer composition and the glass-transition temperature
of the ith homopolymer, respectively. Pij is the prob-
ability that a live polymer chain ending in an i mono-
mer unit will react with monomer j. Finally, Tgpij is the
glass-transition temperature of a strictly alternating
copolymer of monomers i and j.

Following the developments of Keramopoulos and
Kiparissides,9 the translational diffusion coefficient of
the polymer chains can be expressed as

Dp �
Dp0

Mw
2 exp��	


1V*1/�1p � 
2V*2/�2p � 
3V*3
� �3p � 
sV*s/�sp � 
pV*p

VFH

�
(42)

where Dp0 is a preexponential factor calculated at zero
polymer concentration from the Stokes–Einstein diffu-
sion equation:

Dp � kBT/�6��mixRH� (43)

where kB is the Boltzmann constant and �mix is the
solution viscosity of the three monomers and the sol-
vent (if present). According to the one-constant
method of Grunberg and Nissan,13 �mix is given by

ln �mix � �
i

xi ln �i � ��
i�j

xixjGij (44)

where xi and �i are the molar fraction and viscosity of
i component, respectively. Gij is a binary interaction
parameter for the monomer pair (i,j). Its value can be
calculated with the group contribution method.13 The
polymer hydrodynamic radius, RH, depends on the
intrinsic viscosity of the terpolymer solution and on
the Mw of the terpolymer.9,14

To account for the segmental diffusion of the grow-
ing polymer chains, the translational diffusion coeffi-

cient, Dp, is usually multiplied by a correction factor,
Fseg:9

Dpe � FsegDp (45)

where Dpe is the effective diffusion coefficient of the
polymer chains. Fseg accounts for the probability that
two live polymer chains will react when their active
centers come into close proximity.9,15 In deriving the
previous equations, we assumed that the mass frac-
tion of the initiator was very small compared to the
mass fractions of the monomers and terpolymer
chains.

Diffusion-controlled initiation reaction

Following the developments described in our previ-
ous publication,9 one can show that the diffusion-
controlled initiator efficiency can be expressed as

f�1 � f0
�1 � �ki10
M1� � ki20
M2� � ki30
M3��r12

3

� �3rI1f0DI� � f0
�1�1 � fD

�1� (46)

where rI1 and rI2 are the radii of the initiator reaction
and the diffusion spheres, respectively. f0 denotes the
initiator efficiency at zero monomer conversion, and
DI is the diffusion coefficient of the primary radicals,
as given by the following equation:9

DI � DI0 exp

� ��	I


1V*1�Ip/�1p � 
2V*2�Ip/�2p � 
3V*3�Ip

� �3p � 
sV*s�Ip/�sp � 
pV*p�Ip

VFH

� (47)

From eqs. (46) and (47), one can easily conclude that
the overall initiator efficiency, f, depends on the mono-
mer concentrations [M1], [M2], and [M3] and on DI,
which in turn, depends on the free volume of the
reaction mixture. Thus, at very low monomer conver-
sions, the contribution of the diffusion-controlled
term, f D

�1, to the overall initiator efficiency will not be
important and, thus, f � f0. However, at high mono-
mer conversions, the f D

�1 term in eq. (46) will be sig-
nificant (e.g., f D

�1 � 1) and, thus, f � fDf0. In the latter
case, the overall initiator efficiency will decrease with
the extent of the terpolymerization.

Diffusion-controlled termination reaction

Following the original work of Achilias and Kiparis-
sides16 the termination rate constants (kt11, kt22 and
kt33) can be expressed as follows:

ktii � ktii
d � ktii

res (48)
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where the subscript i refers to the terminal unit of live
polymer chains. ktii

d and ktii
res denote the diffusion-con-

trolled termination rate constant between two live
polymer chains of the same type (e.g., having the same
terminal unit) and the so-called residual termination
rate constant, respectively.

Accordingly, ktii
d can be expressed in terms of the

intrinsic termination rate constant, kt0ii, and a diffu-
sion-controlled term:9

1
ktii

d �
1

kt0ii
�

1
4�rtiDpeNA

(49)

where rti is an effective termination radius for the live
polymer chains.9,16

To account for the mobility of the growing polymer
chains caused by the monomer propagation reactions,
a phenomenon known as residual termination, a re-
sidual termination rate constant, ktii

res, is defined:9,16

ktii
res � Aikpii
Mi� (50)

where Ai is a proportionality rate constant that can be
estimated from the volume-swept-out model.9,17

Finally, the various cross termination rate constants
appearing in the terpolymerization kinetic model (e.g.,
kt12 � kt21, kt13 � kt31, kt23 � kt32) are calculated with the
following equation:

�ij � ktij/
2�ktiiktjj�
1/2� (51)

Diffusion-controlled propagation reaction

At very high conversions, the propagation reactions
become diffusion-controlled as well. In this work, the
propagation rate constants (kp11, kp22 and kp33) were

TABLE III
Kinetic Rate Constants for the BuA/MMA/VAc

Terpolymerization

kp11 � 1.08 � 109exp(�4156/RT) (L/mol/min)21

kp22 � 2.95 � 107exp(�4353/RT) (L/mol/min)22

kp33 � 4.2 � 109exp(�6300/RT) (L/mol/min)20

r12 � 0.298, r21 � 1.789, r13 � 5.939
r31 � 0.0262, r23 � 24.025, r32 � 0.02613

ktc11 � 7.854 � 108 for T � 70°C (L/mol/min)19

ktc11 � 4.429 � 108 for T � 50°C (L/mol/min)
ktd22 � 5.88 � 109exp(�701/RT) (L/mol/min)22

ktc33 � 1.62 � 1012exp(�2800/RT) (L/mol/min)20

ktd11 � 0, ktc22 � 0, ktd33 � 0
�12 � �13 � �23 � 1.0

kfm11 � kfm12 � kfm13 � 1.74 � 107exp(�7786/RT)
(L/mol/min)23

kfm22 � kfm21 � kfm23 � 2.796 � 1011exp(�18233/RT)
(L/mol/min)16

kfm33 � kfm31 � kfm32 � 1.0206 � 106exp(�6300/RT)
(L/mol/min)24

kfp11 � 3.596 � 103exp(�4156/RT) (L/mol/min)33

kfp22 � 4.425 � 103exp(�4353/RT) (L/mol/min)32

kfp23 � 2.947 � 103exp(�4353/RT) (L/mol/min)32

kfp32 � 3.860 � 107exp(�6300/RT) (L/mol/min)32

kfp33 � 9.912 � 105exp(�6300/RT) (L/mol/min)24

kd � 6.32 � 1016exp(�30660/RT) (1/min)16

TABLE IV
Physical and Transport Properties for the BuA/MMA/VAc Terpolymerization

dm1 � 0.9255 � 1.075 � 10�3(T � 273.15) (g/cm3)25

dm2 � 0.968 � 1.225 � 10�3(T � 293.15) (g/cm3)16

dm3 � 0.9584 � 1.3276 � 10�3(T � 293.15) (g/cm3)26

dp1 � 1.085 � 6.05 � 10�4(T � 273.15) (g/cm3)
dp2 � 1.212 � 8.45 � 10�4(T � 273.15) (g/cm3)27

dp3 � 1.211 � 8.496 � 10�4(T � 273.15) (g/cm3)26

MW1 � 128.17, MW2 � 100.13, MW3 � 86.09, MjI � 68.1, f0 � 0.58
�1 � �2 � �3 � 6.9 Å;28 Xc01 � 200, Xc02 � 100, Xc03 � 25629

�I10/DI0 � 10.08, �I20/DI0 � 372.38, �I30/DI0 � 54.24 (s/cm2) (Calcd.)
�p � Fn1�p1 � Fn2�p2 � (1 � Fn1 � Fn2)�p3
�p1 � 4.8 � 10�4, �p2 � 3.0 � 10�4, �p3 � 5.0 � 10�4 (K�1)29

�m1 � 1.19 � 10�3,19 �m2 � 2.9 � 10�4, �m3 � 5.1 � 10�4 (K�1)29

�p0 � 0.025, �m10 � 0.025, �m20 � 0.011, �m30 � 0.07029

Tgm1 � 185.15 K,19 Tgm2 � 159.15 K,30 Tgm3 � 109.0 K29

Tgp1 � 218.0 K,19 Tgp2 � 388.15 K,29 Tgp3 � 305.15 K29

V*m1 � 0.904, V*m2 � 0.868, V*m3 � 0.840 (cm3/g) (Calcd.)
V*p1 � 0.842, V*p2 � 0.788, V*p3 � 0.748, V*I � 0.912 (Calcd.)
re1 � 15.4, re2 � 17.0, re3 � 16.0 Å, re � Fn1re1 � Fn2re2 � (1 � Fn1 � Fn2)re3

31

	m1 � 	m2 � 0.30, 	m3 � 0.60, 	I � 0.95, 	p � 0.65, aseg � 0.20
	p � 0.40 ([I] � 0.01, T � 50°C), 	p � 0.60 ([I] � 0.071, T � 50°C), 	p � 0.95 (T � 70°C)
Dm10 � 6.4 � 10�10, Dm20 � 4.96 � 10�10,16 Dm30 � 2.0 � 10�8 (dm2/min)

log �1 � 610.73 � �1
T �

1
287.20� cP,32 log �2 � 453.25 � �1

T �
1

254.92� cP16

log �3 � 457.89 � �1
T

�
1

235.35� cP, G12 � 0.159, G13 � 0.288, G23 � 0.129 (Calcd.)

T � temperature.
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expressed as in the original article of Achilias and
Kiparissides,16 considering the correction of Litvi-
nenko and Kaminsky:18

1
kpii

�
1

kp0ii
�

1
4�DmirmiNA

(52)

The effective reaction radius, rmi, is assumed to be
equal to the termination reaction radius, rti, whereas
the monomer diffusion coefficients are calculated
from eqs. (34)–(36).

Finally, the various cross-propagation rate constants
were estimated in terms of the respective reactivity

Figure 1 Predicted and experimental conversion–time histories for the BuA/MMA/VAc terpolymerization (polymerization
temperature � 70°C, experimental data from ref. 3).

Figure 2 Predicted and experimental conversion–time histories for the BuA/MMA/VAc terpolymerization (polymerization
temperature � 50°C, experimental data from ref. 3).
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ratios (i.e., r12, r21, r13, r31, r23, r32) and the values of
kp11, kp22, and kp33:

rij � kpii/kpij (53)

RESULTS AND DISCUSSION

The bulk free-radical terpolymerization of BuA/
MMA/VAc was assumed to proceed in a single phase
at 70 and 50°C in the presence of 2,2�-azobisisobuty-
ronitrile (AIBN) initiator. Model predictions were
compared with the experimental data of Dube and
Penlidis3 on monomer conversion, terpolymer compo-
sition, and average MWs for two initial initiator con-
centrations.

The self-termination of live polymer chains, end-
ing in either a BuA or VAc monomer unit, was
assumed to occur exclusively by combination,19,20

whereas the termination of live polymer chains,
ending in a MMA monomer unit, was assumed to
occur exclusively by disproportionation.9 Chain-
transfer reactions to monomer and polymer mole-
cules were also included in the kinetic mechanism.
In Table III, the numerical values of all kinetic rate
constants employed in the simulation of the terpo-
lymerization system are reported. The values of all
physical and transport properties employed for the
calculation of the diffusion-controlled terms are pre-
sented in Table IV.

In Figures 1 and 2, conversion–time histories are
shown for the two initial initiator concentrations
and the two different temperatures. Continuous and

broken lines represent model predictions, whereas
discrete points denote experimental conversion
measurements. A good agreement exists between
model predictions and experimental measurements.
In Figures 3 and 4, the cumulative terpolymer com-
position is plotted with respect to the overall mono-
mer conversion for the two different temperatures
and an initial initiator concentration of 0.071 mol/L.
An excellent agreement exists between experimental
results and model predictions. In Figures 5– 8,
model predictions (continuous and broken lines)
and experimental measurements (discrete points)
on Mn and Mw are plotted for the two initial initiator
concentrations of 0.01 and 0.071 mol/L and the two
temperatures of 50 and 70°C. A fairly good agree-
ment exists.

Because of the lack of an accurate value for the
refractive index increment for this specific terpolymer
system, the experimental measurements on MW aver-
ages should be considered as general trends rather
than exact values. Moreover, Dube and Penlidis re-
ported that during the experiments, there were clear
indications of nonisothermal conditions, which re-
sulted in higher conversions at the center of the am-
pule because of the higher temperature level.4 This is
an additional reason to consider the experimental MW
measurements only as general indications.

Figure 9 illustrates the variation of the termination
rate constants kt11, kt22, and kt33 with respect to the
overall monomer conversion for the two different tem-
peratures. All three termination rate constants exhib-
ited a significant decrease with conversion, character-

Figure 3 Cumulative copolymer composition of the three monomers with respect to the overall monomer conversion
(polymerization temperature � 70°C, [I0] � 0.071M AIBN).
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istic of a polymerization system in which termination
reactions are diffusion-controlled. Finally, in Figure
10, the variation of the propagation rate constants kp11,
kp22, and kp33 with respect to the overall monomer
conversion is depicted. The propagation rate constants
did not significantly vary with overall monomer con-
version. These results are explained by the fact that

only the VAc was present at significant concentrations
at high conversions (e.g., � 70%).

CONCLUSIONS

In this article, a comprehensive mathematical framework
is presented for modeling diffusion-controlled free-rad-

Figure 4 Cumulative copolymer composition of the three monomers with respect to the overall monomer conversion
(polymerization temperature � 50°C, [I0] � 0.071M AIBN).

Figure 5 Predicted and experimental Mw and Mn with respect to the overall monomer conversion (polymerization
temperature � 70°C, [I0] � 0.01M AIBN).

172 KERAMOPOULOS AND KIPARISSIDES



ical terpolymerization reactions. The variation of initia-
tor efficiency and termination and propagation rate con-
stants with conversion is theoretically described with the
so-called parallel model. According to the latter model,
the kinetic parameters of interest are expressed in terms
of a reaction-limited and a diffusion-limited term. Triva-
riate distributions for live and dead polymer chains are
employed to describe the molecular and compositional

developments in the terpolymerization reactor. The pre-
dictive capabilities of the proposed model are demon-
strated via the simulation of the experimental results of
Dube and Penlidis3 on the bulk terpolymerization of
BuA/MMA/VAc. Model predictions were found to be
in very good agreement with experimental measure-
ments on monomer conversion, cumulative terpolymer
composition, and Mn and Mw.

Figure 6 Predicted and experimental Mw and Mn with respect to the overall monomer conversion (polymerization
temperature � 70°C, [I0] � 0.071M AIBN).

Figure 7 Predicted and experimental Mw and Mn with respect to the overall monomer conversion (polymerization
temperature � 50°C, [I0] � 0.01M AIBN).
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NOMENCLATURE

A proportionality rate constant (cm3/mol)
AIBN 2,2�-azobisisobutyronitrile

d density (g/cm3)
D diffusion coefficient (cm2/s)

Dn,m,z concentration of dead polymer with n � m � z
monomer units

f initiator efficiency

Fn cumulative number average terpolymer com-
position

Fseg factor representing the probability of two rad-
icals reacting when their active centers come
into close proximity

Figure 8 Predicted and experimental Mw and Mn with respect to the overall monomer conversion (polymerization
temperature � 50°C, [I0] � 0.071M AIBN).

Figure 9 Variation of the termination rate constants with respect to the overall monomer conversion (polymerization
temperature � 50°C, [I0] � 0.071M AIBN).
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Fw cumulative weight-average terpolymer com-
position

Gij binary interaction parameter for the calcula-
tion of the viscosity of a mixture

I initiator concentration (mol/L)
jc entanglement spacing

kB Boltzmann constant (1.3806 � 10�23 J/K)
kd initiator decomposition rate constant (L/mol/

min)
kdp terminal double-bond reaction rate constant

(L/mol/min)
kfm chain transfer to monomer/chain-transfer

agent rate constant (L/mol/min)
kfp chain transfer to polymer rate constant (L/

mol/min)
ki initiation reaction rate constant (L/mol/min)
kp propagation rate constant (L/mol/min)
kt termination reaction overall rate constant (L/

mol/min)
ktc termination by combination rate constant (L/

mol/min)
ktd termination by disproportionation rate con-

stant (L/mol/min)
kt

d diffusion-controlled termination rate constant
(L/mol/min)

kt
res residual termination rate constant (L/mol/min)
M monomer concentration (mol/cm3)

Mn number-average molecular weight
Mw weight-average molecular weight

MW molecular weight
NA Avogadro’s number (6.023 � 1023 molecules/

mol)

R universal gas constant (1.9872 cal/mol/K)
R � primary radical
rB distance of the chain end from the sphere cen-

ter (Å)
re segment length (Å)

RH hydrodynamic radius (cm)
rI1 radius of the initiator reaction sphere (cm)
rI2 radius of the initiator diffusion sphere (cm)
rij reactivity ratio

rM production rate of monomer (mol/cm3/min)
Rn,m,z concentration of a live radical with n � m � z

monomer units
rt, rm effective reaction radii (cm)

S solvent concentration (mol/cm3)
T temperature (K)

Tg glass-transition temperature (K)
V reactor volume

V* critical hole free volume (cm3/g)
VFH average free volume of the mixture (cm3/g)
Vpj molar volume of the copolymer jumping unit

(cm3/g)
X conversion

Xc0 critical degree of polymerization for entangle-
ments

xi molar fraction of monomer i

Greek letters

� difference in thermal expansion coefficients
above and below Tg (1/K)

�i0 fractional free volume at the glass-transition
temperature of component i

Figure 10 Variation of the propagation rate constants with respect to the overall monomer conversion (polymerization
temperature � 50°C, [I0] � 0.071M AIBN).

FREE-RADICAL TERPOLYMERIZATION REACTIONS 175



�seg parameter for the calculation of segmental dif-
fusion

	 overlap factor
� average root-mean-square end-to-end distance

per square root of the number of the monomer
units in a chain (Å)

�I proportionality constant (� kI0/kp0)
� viscosity (cP)

[�] intrinsic viscosity of the polymer (cm3/g)
� moments of the live radical distribution
� moments of the dead polymer distribution
� ratio of the critical molar volume of the jumping

unit to the critical molar volume of the polymer
jumping unit

� parameter for the calculation of the termination
radius

� volume fraction
�t crosstermination rate parameter

 weight fraction

Subscripts

I initiator
m monomer
p polymer
s solvent
t termination
0 initial conditions
1 BuA
2 MMA
3 VAc

Superscripts

* critical
1 terminal monomer unit BuA in a live polymer

chain
2 terminal monomer unit MMA in a live polymer

chain
3 terminal monomer unit VAc in a live polymer

chain
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